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Abstract 
Let K,F* be the complete symmetric digraph with a loop at each vertex. We say that two 
eulerian circuits of Kt* are compatible if no pair of arcs of the digraph are consecutive in both 
eulerian circuits. We prove that there exist 4(n) pairwise compatible eulerian circuits in K”**, 
where C#I denotes the Euler function, and we give an effective construction of these circuits. 
1. Introduction 
Let G be a finite simple eulerian graph, i.e. a connected graph such that each vertex 
has an even degree. An Euler tour of such graph is a closed walk that traverses each 
edge exactly once. Jackson shows in [3] that if G is an eulerian graph of minimum 
degree 2k, then G has a set of k - 1 Euler tours such that each pair of adjacent edges 
of G is in at most one tour of G. The k - 1 was improved to k in [4]. These Euler 
tours are said to be pairwise compatible. In [S], Kotzig proposed the following 
conjecture. 
Conjecture 1. The complete graph Kad+ 1 has a set of 2d - 1 pairwise compatible 
Euler tours. 
This conjecture is still open. 
In the case of digraphs the problem has been studied by Fleischner and Jackson [2]. 
For digraphs, we are dealing with directed Euler tours, called eulerian circuits. In [2], 
it is proved that every eulerian digraphs without loops of minimum degree 2k has a set 
of L 3k j pairwise compatible eulerian circuits. In this paper, we prove the following 
theorem. 
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Theorem 1. The complete symmetric digraph K,** with a loop at each vertex has a set of 
4(n) pairwise compatible eulerian circuits, where C/I is the Euler function. 
2. Definitions and notations 
The graph we are dealing with here is K, ** the complete symmetric digraph with 
n vertices and a loop at each vertex. The set of vertices (resp. arcs) of K:* is denoted by 
V(Kt*) (resp. A(K,**)). We consider that the set of vertices of K,** are the n elements 
of the commutative ring (Z/nZ, +, .), denoted by {0, . . . , n - l}. An arc of K,** with an 
initial vertex x and a terminal vertex y is denoted by (x, y), and is labelled by 
y - XEZ/~Z. (x, y)~ A(Kz*) and (z, w)EA(K,**) are said to be consecutive if y = z. 
Two consecutive arcs of K,** form a transition. If (xi, x2) and (x2, x3) are consecutive 
arcs, the associated transition is labelled by the word of two letters z1z2, where 
511 =x2 -xi and a2 = xj - x2 belong to Z/nZ. Moreover, we shall say that 
a transition formed by (x1,x2) and (x2,x3) crosses the vertex x2. For example, the 
transition formed by the arcs (0,l) and (1,3) of Kz* (Fig. 1) has label 12 and crosses 
the vertex 1. 
A path P of length k of K,** is a sequence of k distinct arcs denoted by 
P = (x1,x2, . ..) xk,xk+l)wherexiEV’(K,**)Vi,l <id k.ApathP=(x,,...,x,+,)of 
K,** so that xi = xL+ 1 is called a circuit. A circuit is said to be eulerian if it traverses 
each arc of K,** once and only once. The length (i.e. number of arcs) of an eulerian 
Fig. 1. K:* with labelled arcs. 
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circuit in K,** is equal to n2. Two eulerian circuits of K,** are said to be compatible if 
no pair of arcs of K,** are consecutive in both eulerian circuits. We shall say that they 
do not use a same transition. 
A path P = (x1, . . ..xk+i ) is also represented by a couple (x,,S) where x1 is the 
initial vertex and S is a word of k letters, S = a, a2.. . ak, where ai = Xi+ 1 - Xi belongs 
to Z/nZ for every i such that 1 d i d k. So there is a bijection between the paths of 
length k having x1 as initial vertex and the words of k letters belonging to 
{O, . . ., n - l}. In what follows we do all computation using arithmetic modulo n; for 
more details, see for example [l]. Moreover, if i E Z/nZ, we also shall denote by i the 
integer which is the unique representative of the class i belonging to 
(0, . . . . n - l} c N. Let a and b be two integers different from zero. We denote the 
greatest common divisor of a and b by gcd(a, b). Recall that a and b are coprime if and 
only if gcd(a, b) = 1; for each n 3 1, let 4(n) denotes the number of integer x in the 
range 1 < x < n such that x and n are coprime. The function C#J is the Euler function, 
see [l, p. 493. 
3. Compatible eulerian circuits of K,** 
Our purpose is to build pairwise compatible eulerian circuits in K,**. To prove 
Theorem 1, we first give the following easy lemmas. 
Lemma 1. Let n be an integer different from 0; we have the following: 
l Zf n = O(mod 2) then 1::: i EE (n/2)(mod n). 
l Zf n = 1 (mod 2), then cl:f i = O(mod n). 
Lemma 2. Let n and i be two integers such that 1 d i d n. Then gcd(i, n) = 1 ifand only 
if gcd(n - i, n) = 1. 
Remark 1. Lemma 2 implies that for any integer n, n > 1, 6(n) = 0(mod2). 
Lemma 3. Let n be an integer such that n = 0(mod4). For every integer i, if 
gcd(n, i) = 1, then gcd(n/2 - i, n) = 1 and gcd(n/2 + i, n) = 1. 
Lemmas 2 and 3 imply the following result. 
Lemma 4. Let n be an integer, with n > 4. If n = 0 (mod 4) then 4(n) = 0 (mod 4). 
We leave the proofs of these lemmas to the reader. 
We now consider the array JZZ with n - 1 rows and n - 1 columns defined as 
fOllOWS: Vi, Vj, (i,j)E{l,..., n- 1}2, UijE{O ,..., n - 1) such that aij E i xj(mod n), 
where ai,j is the element of the ith row and jth column of s8. We shall use the 
following lemma. 
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Lemma 5. Let k and n be integers such that 1 d k d n - 1. Ifgcd(n, k) = 1 then 
l ai,k#aiP,k withi#i’,(i,i’)E{l,..., n- 1}2, 
l ak,j#ak,js withj#j’,(j,j’)E{l,..., n-1}2. 
This lemma is an immediate consequence of the fact that if gcd(k, n) = 1 then the 
class of k in Z/nZ is a generator of the abelian group (Z/n.??, +). 
In what follows, we consider the array 9 with 4(n) rows (n > l), and n - 1 columns 
obtained from the array d by removing the rows of index k such that gcd(k,n) # 1. 
The elements of 8 are denoted by bi,j. 
We can now give the construction of the pairwise compatible eulerian circuits in 
K **; we consider three different cases. n 
3.1. n 3 1 (mod 2) 
Let k be an integer such that 1 < k d 4(n). We consider the following sequence: 
Sk = (bk, ljn(bk. 2. +. bk,n- 10)“s 
where (ab.. . c)~ denotes k concatenations of the word ab . . . c. We denote by Ck the path 
(O, Sk). 
Claim 1. Ck is an eulerian circuit of K,**. 
Proof. (1) According to the definition of Sk, it is easy to see that the last vertex of Ck is 
x = 0 + n(C;I: bk,j). Hence, x = O(mod n), and so C, is a circuit. Moreover, Ck uses 
n2 arcs. 
(2) We show that all arcs in Ck are different. We recall that arcs with different labels 
are different. So, we only have to study arcs with identical labels in Ck. 
We first consider the arcs labelled bk, 1. Since gcd(bk, 1, n) = 1, bk, 1 is a generator of 
the abelian group Z/r& So, in Ck, by the definition of Sk, the arcs labelled bk, 1 have as 
initial vertices 0, bk, 1, . . . , (n - l)bk, 1 which are all different. 
We define now ftk = Cy:: bk,i; then & 3 n - bk, 1 (mod n) by Lemma 1, hence by 
Lemma 2, gcd(n, A,) = 1. 
We consider the arcs labelled bk,i, i > 1. Let y be the initial vertex of the first 
traversed arc labelled by bk, i, by going from 0 in the sense of the orientation in Ck. The 
arcs labelled by bk,i have as initial vertices y,y + !&, . . ..y + (n - l)nk which are all 
different (here again & is a generator of the abelian group iZ/nZ). The same argument 
holds for the arcs labelled 0. So, the n2 arcs in Ck are all different. This completes the 
proof. 0 
Claim 2. Let k and k’ be two integers such that (k, k’)E (1, . . . . 4(n)}’ and k # k’. Then 
the two eulerian circuits ck and ck’ are compatible. 
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Proof. We assume that Ck and Ckf use the same transition a, a2. In Ck, the label of 
a transition is one of the following five types: 
type l: bk, 1 b, I 3 
type 2: bk,jbk,j+ I 3 
type 3: b+iO, 
type 4: Ob,, 1, 
type 5: Obk, 2. 
We recall that b,,j # 0 forjE { 1, . . . , n - l} and bk,j+ 1 - b,,j E bk, 1 (mod n). Moreover, 
two transitions crossing a given vertex are equal if and only if they have the same 
label. Hence, by definition and Lemma 5, it is clear that ala2 cannot be of the same 
type in C,, and in Ck,. If they have different types, the only possibility is al a2 of type 
4 in Ck and of type 5 in Ck,, or conversely. This implies that bk, 1 = bk8, 2. On the other 
hand, there is only one transition labelled Obkv 1 (resp. Obkg, 1) in Ck (resp. C,,) and this 
transition crosses 0. The transitions labelled Obks,2 cross the vertices 
ilk., 2&, . . . ,(n - l)&. 
Since gcd(&, n) = 1, these vertices are different from 0. Hence, the transitions labelled 
ObkC, 2 do not cross 0. Thus, al a2 cannot have labels of these types. This completes the 
proof. 0 
3.2. n G 2 (mod 4) 
In this case, Vk, 1 < k 6 4(n), gcd(CJYi bk,j,n) > 1. Since in the previous case, to 
prove that Ck is an eulerian circuit, we used the fact that gcd(Cyik b,,j, n) = 1, we shall 
need another construction. So, we consider for k E { 1, . . . ,4(n) > the sequence 
Sk = [(bk, 1)“‘2(bk,2 . ..b+ 10)n’2]2. 
We denote by Ck the path (O,S,). 
Lemma6. V(k,k’)E(l,..., 4(n)}‘, k fk’, bk.2 f&,2- 
Proof. We assume that for k < k’, (k, k’)E { 1, . . . . +(Q)}~, bk,2 = b,,,,. By construction 
bk. 1 = a, b, I = b with a < b < n. Because gcd(a, n) = 1 and gcd(b, n) = 1, a and b are 
odd. Moreover, bk,2 = 2a(mod n) and b kp, 2 = 2b (mod n), so 2(b - a) = O(mod n), 
i.e. b = a + n/2. Since n/2 is odd, then a or b is even, which contradicts the hypo- 
thesis. 0 
Claim 3. Ck is an eulerian circuit. 
Proof. As before, it is easy to see that the path Ck uses n2 arcs and that it is a circuit. 
Now we show that all arcs in Ck are different. We only have to study the arcs with an 
identical label. We will use the following lemma. 
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Lemma 7. Let Ak = ~~~~ bk,i. Then we have the following: 
(1) Ak-n/2-b,,,(modn), 
(2) Ak = O(mod 2), 
(3) (n/2)& + bk, I ) = (n/W,, 1 (mod 4 
(4) (n/2)&, I = (42) (mod 4. 
The proof of this lemma is left to the reader. 
Proof of Claim 3 (continued). We consider the arcs labelled by bk, 1 in Ck. The arcs 
labelled by bk, 1 have the following initial vertices: 
By Lemma 7(4), these vertices are 
O,b,c.l,..., ;- 1 bk,+‘,,,,...,(n- l)b,c,l. ( ) 
Since gcd(b,, r , n) = 1 these vertices are all different. 
We will now study the arcs labelled by b,,j, 2 < j < n - 1. Let y be the initial vertex 
of the first arc labelled by bk,j in Ck. Then the arcs labelled by bk,j in Ck have as initial 
vertices 
y,y + Ak, .-.> y+ &y+;A,+;b,,,, 
n n n n 
y+-&+-bk,l +&...,y+-/lk+-bk,l + 
2 2 2 2 
By Lemma 7(4), these vertices are the following: y,y + nk, . . ..y + (n/2 - I)&, 
y+n/2, y+n/2+A,,..., y + n/2 + (n/2 - 1)/l,‘. Moreover, if y iS even (reSp. odd), 
y + i& (1 < i < n/2 - 1) is even (resp. odd) and y + n/2 + j& (0 < j < n/2 - 1) is odd 
(resp. even) because n E 2 (mod 4). 
To prove that all these vertices are different, we prove that ink fjA, (mod n) when 
0 d i < j d n/2 - 1. Let us assume that there exists a couple (i, j) E {0, . . . , n/2 - l} 2, 
i < j, such that ink = jn,(mod n), i.e. (j - i)/lk = O(mod n). Then 
(j - i)& E O(mod n), 
gCd(&.,n)= 2 
* (j= i) 
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is a contradiction. The same argument holds for the arcs labelled 0. This completes the 
proof. Cl 
Claim4. Letkandk’betwointegerssuchthat(k,k’)E{l,...,~(n)}2andk#k’.Then 
the two eulerian circuits Ck and Ckz are compatible. 
Proof. We assume that Ck and Ck, use the same transition labelled by aI a2. As in the 
previous case by Lemmas 5 and 6, the only possibility is, w.l.o.g., that a, a2 is of type 
4 in Ck and type 5 in Ck,. 
In Ck (resp. C,,), there are only two transitions labelled Obk, 1 (resp. 0bk8, 1) crossing 
the two vertices 0 and (n/2)b,, 1 (resp. (n/2)b,,, 1) by Lemma 7(3), which are in fact the 
vertices 0 and n/2 by Lemma 7(4). 
The transitions labelled Obk,, 2 cross the vertices n/2 + &, . . . . n/2 + (n/2 - l)& 
and the vertices Ak,, . . . , (n/2 - l)&. Those vertices are different from 0 and (n/2)b,,, 1. 
Thus, the transitions labelled Ob,,,, do not cross these vertices. Hence, ala2 cannot 
have labels of these types. This completes the proof. 0 
3.3. n = 0 (mod 4) 
3.3.1. The case of n # 4 
We first prove the following lemma. 
Lemma 8. Let k and k’ be two integers (k, k’)E { 1, . . . . 4(n)} 2 such that k < k’. Then we 
have the following: 
(1) bk,2 = bks,2 ifand only ifk’ = k + 6(n)/2, 
(2) bk,n-2 = bkz,n_2 ifand only ifk’ = k + 4(n)/2. 
Proof. (1) We consider the array ~2. W.l.o.g., let i and i’ be two integers such that 
lQi<i’<n- 1. It is easy to see that air.2 E ai, 2 (mod n) if and only if i’ = i + n/2. 
Let now k and k’ be two integers such that 1 d k < k’ d 4(n) and i and i’ such that 
bk, 1 = i, bkc, 1 = i’. We have 
b -b k’.2- k,2 o 2i=2i’(modn) o i’=i+q. 
Since by Lemma 2, I{qE{l,..., n/2 - 11: gcd(q,n) = l}l = I{qE{n/2 + l,...,n - 1): 
gcd(q, n) = l} 1, by Lemma 3 we have bkf, 2 = bk, 2 0 k’ = k + 4(n)/2. 
(2) It can be proved by using similar arguments. 0 
Remark 2. Let k and k’ be two integers such that 1 d k < k’ < 4(n). It is easy to see 
that, by Lemma 2, we have b,,, 1 = n - bk, 1 o k’ = 4(n) + 1 - k. 
Now we deal with a new array 98’ by applying the following algorithm. 
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Algorithm 
for k = 1 to c$(n)/2 do 
if k is even then 
for iE{k,c$(n) + 1 - k} do 
begin 
bt, = bi,.-1 
forj=2ton-1 do 
b,~,j = bi,j_ 1. 
end. 
Lemma 9. For every (k, k’) E { 1, . . . ,4(n)} 2, k # k’, we have the following: 
(1) b;, 1 + G. I 9 
(2) G. 2 + G, 2 3 
(3) G-1 z G,n-1. 
Proof. (1) By Lemma 5, if (k, k’) E { 1,. ..,$(n)} 2, k # k’, we know that bk, 1 # bkp, 1 and 
bk,,_ 1 # bkf,n_ 1. So, we only have to compare two elements bi, 1 and bi’, 1 such that 
bi, 1 = bk,n _ 1 and bi!, 1 = bks, 1 ; hence k is even. If bl,, 1 = bi, 1, we have bkr, 1 = n - bk. 1 
which is equivalent to k’ = 4(n) - 1 + k. By the definition of 99’“, we have 
6” k,, 1 = bkf,,_ 1, a contradiction. 
(2) ForkE{l,..., 4(n)>, ifbks,2 = bk.2, then b:,2 is even, and if b:, 2 = bk, 1 then bi, 2 is 
odd. Hence, we study the set of even values and the set of odd values of the second 
column of gs. 
l The set of even values. Let k and k’ be two integers such that 1 < k < k’ < 4(n), 
bi,2 = bis,2, b& = bk,2 and bit,Z = bkr,2. Then we have bk,2 = bks,2, so by Lemma 
8(l), k’ = k + 4(n)/2. Since bi,2 = bk,2 and k < cj(n)/2, then k is odd. Hence, by 
Lemma 4, k’ is odd. Since k’ > c$(n)/2 we deduce from the definition of 9P that 
b” -b k’,2 - k’, 1, which implies bks, 1 = 0, a contradiction. 
a The set of odd values. By the definition of 9?‘, it is clear that bk, 1 # bks, 1 for every 
(k,k’)E{l,..., q5(n)}2 and k #k’. 
(3) By using Lemma 8(2), it is easy to prove that bks,n_ 1 # bks,,n_ 1. 
This completes the proof of the lemma. 0 
Now we need a last lemma to complete the proof of the theorem. 
Lemma 10. Let &=~~~~ bi,ifor kE{l,...,$(n)}. Then gcd(Ln)= 1. 
Proof. ilk = ~~~~ b& have two possible values: 
.Ifb” -b k,l- k.1, by Lemma 1, Ak = n/2 - b,, 1 (mod n). 
. If %,I = bk.n-1, by Lemma 1, nk E n/2 - (n - bk, l)(mod n), i.e. &. = n/2 + 
bk, 1 (mod n). 
In both cases Lemma 3 implies gcd(Ak,n) = 1. This completes the proof. 0 
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These two lemmas prove that the array gS has similar properties as the ones of 
$8 which we use in the case of n odd. Hence, by considering the word 
Sk = (G, 1 N$. 2 . . . b;,, 1 W 
for every k E { 1, . . . , 4(n)}, it is easy to prove with the same arguments that K,** has 
d(n) pairwise compatible eulerian circuits. 
3.3.2. The case qf n = 4 
For n = 4, we have the following result. 
Lemma 11. There exist three pairwise compatible eulerian circuits of Kt*. 
Proof. The three pairwise compatible eulerian circuits we propose are the following: 
l C1 = 0033231302212011. 
l C, = 0010203112132233. 
l C3 = 0023211331030122. 0 
This completes the proof of Theorem 1. 
4. Conclusion 
(1) The following result is an easy corollary of a theorem due to Fleischner and 
Jackson [2]. 
In the complete symmetric digraph with n vertices, K,*, there exist L(n - 1)/2J 
compatible eulerian circuits. 
By suitable adding the loops of K, ** to the pairwise compatible eulerian circuits of 
K$, we can show that there exist L(n - 1)/2] compatible eulerian circuits in K,**. 
This result improves for some values of n the one given by our main theorem. 
(2) Lemma 11 gives three pairwise compatible eulerian circuits for n = 4. 
In fact we propose the following conjecture. 
Conjecture 2. ** K, has a set of n - 1 pairwise compatible eulerian circuits. 
By our result this conjecture is verified for n prime. 
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